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We study the dynamics of correlations in a paradigmatic setup to observe PT -symmetric physics:
a pair of coupled oscillators, one subject to a gain one to a loss. Starting from a coherent state,
quantum correlations (QCs) are created, despite the system being driven only incoherently, and can
survive indefinitely. PT symmetry breaking is accompanied by non-zero stationary QCs. We link
PT symmetry breaking to the long-time behavior of both total and QCs, which display different
scalings in the PT -broken/unbroken phase and at the exceptional point (EP). This is analytically
shown and quantitatively explained in terms of entropy balance. The EP in particular stands out
as the most classical configuration.
Introduction.—The finding of non-Hermitian Hamilto-
nians with real eigenvalues [1] fueled widespread atten-
tion at a fundamental level, as well as in terms of po-
tential applications [2–4]. A major motivation comes
from the experimental implementability of such Hamil-
tonians, especially in optics [5–7]. A prototypical exam-
ple (see Fig. 1) is a pair of coupled oscillators, separately
subject to either gain or loss. At the mean-field level,
the modes evolve according to a Schro¨dinger-like equa-
tion featuring a non-Hermitian Hamiltonian H that en-
joys parity-time (PT ) symmetry [8].
To date the vast majority of studies of such dynam-
ics adopted a classical description (based on Maxwell’s
equations in all-optical setups), thus neglecting quantum
noise. Recent works yet showed that a full quantum
treatment (beyond mean field) can have major conse-
quences [9–11], although the exploration of this quantum
regime is still in an early stage [12–22]. With regard to
the potential exploitation of PT -symmetric systems for
quantum technologies, a major obstacle is that gain and
loss unavoidably introduce quantum noise, which is detri-
mental for quantum coherent phenomena—entanglement
above all [23]. In particular, the incoherent pumping due
to the gain is unusual in quantum optics settings [24].
This issue even motivated recent proposals to employ
parametric driving in place of gain/loss to effectively
model non-Hermitian systems [11, 25].
Yet, in the last two decades, “cheaper” quantum re-
sources have been discovered that put milder constraints
on the necessary amount of quantum coherence. Among
these is quantum discord, a form of quantum correla-
tions (QCs) that can occur even in absence of entan-
glement [26, 27]. This extended paradigm of QCs has
received huge attention for its potential of providing a
quantum advantage in noisy environments [28]. Remark-
ably, a very recent work reported the first experimen-
tal detection of such a form of QCs [29] in an anti-PT -
symmetric system featuring similarities with the setup
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FIG. 1. A pair of quantum oscillators G and L undergo a
coherent exchange energy with rate g. Additionally, mode G
(L) is subject to a local gain (loss) with rate γ. The mean-
field dynamics is described by a PT -symmetric Hamiltonian.
(Left): when PT symmetry is preserved (g > γ), if each mode
starts in a coherent state (zero correlations), after some time
they will share only classical correlations. (Right): PT sym-
metry breaking (g < γ) is instead accompanied by stationary
quantum correlations.
in Fig. 1. However, the existence of a general connec-
tion between PT symmetry and QCs dynamics is yet
unknown.
This work puts forth a detailed study of total and
quantum correlations in the case study of the gain-loss
setup in Fig. 1. A link emerges between PT symme-
try breaking and the long-time behavior of both total
and QCs: these are found to display different scalings in
the PT -broken/unbroken phase and at the exceptional
point (EP). This is proven analytically and the underly-
ing mechanism explained in detail through entropic ar-
guments. In particular, breaking of PT symmetry is ac-
companied by the appearance of finite stationary discord.
Our study provides a new characterization of phases with
unbroken/broken PT symmetry in terms of the asymp-
totic behavior of correlations, whose knowledge requires
accounting for the full quantum nature of the field.
System.—We consider two quantum harmonic oscilla-
tors G and L (see Fig. 1), whose joint state evolves in
time according to the Lindblad master equation (we set
~ = 1 throughout)
ρ˙ = −i[g(aˆ†LaˆG+H.c.), ρ]+2γLD[aˆL]ρ+2γGD[aˆ†G]ρ (1)
with D[Aˆ]ρ = AˆρAˆ† − 12 (Aˆ†Aˆρ + ρAˆ†Aˆ). Here, aˆn and
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2aˆ†n with n = L,G are usual bosonic ladder operators
[aˆn, aˆ
†
n] = 1 and we assumed a suitable rotating frame.
The coupling Hamiltonian in (1) describes a coherent en-
ergy exchange at rate g between the modes. In addition,
each oscillator interacts incoherently with a local envi-
ronment: the one on G pumps energy with characteristic
rate γG (gain) while that on L absorbs energy with rate
γL (loss).
From Eq. (1) it follows that the evolution of the
mean field vector ψ =(〈aˆL〉, 〈aˆG〉)T is governed by the
Schro¨dinger-like equation iψ˙ = Hψ with
H =
( −iγL g
g iγG
)
. (2)
The non-Hermitian matrix H generally has two complex
eigenvalues with associated non-orthogonal eigenstates.
For γL = γG = γ (the so-called “PT line”), H is in-
variant under PT symmetry, corresponding to a swap
G ↔ L combined with time reversal (complex conjuga-
tion). In this case, its eigenvalues are ε± = ±
√
g2 − γ2.
These are real in the UP γ < g and complex in the BP
γ > g, coalescing at the exceptional point EP γ = g
where the corresponding eigenstates become parallel [2].
Equations analogous to (1) for the full-quantum descrip-
tion of PT -symmetric systems also appeared elsewhere
(see e.g. Refs. [30, 31]).
Second-moment dynamics.—The two oscillators have
an associated quantum uncertainty described by a 4 ×
4 covariance matrix. Introducing quadratures xˆn =
1√
2
(aˆn + aˆ
†
n) and pˆn =
i√
2
(aˆ†n − aˆn) (with n = G,L), we
define the covariance matrix as σij = 〈XˆiXˆj + XˆjXˆi〉 −
2〈Xˆi〉〈Xˆj〉, where Xˆi = (xˆL, pˆL, xˆG, pˆG) [32]. Following
a standard recipe [32], the master equation (1) implies a
Lyapunov equation for the covariance matrix:
σ˙ = Y σ+σ Y T + 4D with Y =
(−γL 0 0 g
0 −γL −g 0
0 g γG 0
−g 0 0 γG
)
(3)
and D = 12 diag(γL, γL, γG, γG). The dynamics gener-
ated by Eq. (1) is Gaussian preserving, hence a Gaussian
initial state will remain so at any time. Thereby, the en-
tire state is fully specified by the mean-field vector ψ and
the covariance matrix σ [33, 34].
Correlation measures.—A measure of the total amount
of correlations between aˆG and aˆL is given by the mu-
tual information I = SG + SL − S, which is the dif-
ference between the sum of local entropies SL(G) =
−Tr(ρL(G) log ρL(G)), with ρL(G) = TrG(L)ρ, and the en-
tropy of the joint system S = −Tr(ρ log ρ) [23, 35]. It
immediately follows that I = 0 if and only if ρ = ρL⊗ρG.
Instead, the amount of QCs is measured by the so-called
quantum discord [26–28]
DLG = SG − S + min
Gˆk
∑
k
pkS(ρL|k) , (4)
where the minimization is over all possible quantum mea-
surements {Gˆk} made on G. A measurement outcome
indexed by k collapses the joint system onto ρL|k =
TrG(Gˆkρ)/pk with probability pk. Note that discord is
in general asymmetric, i.e., DLG 6= DGL, which is the
typical case for our system [see Fig. 2(c)]. The difference
I −DLG quantifies the maximum amount of information
that can be extracted about L only from local measure-
ments on G. Based on this, discord captures QCs beyond
entanglement, as it is in general nonzero for separable
states [28]. Hence, correlations between the modes are
wholly classical only when both DLG and DGL vanish.
For Gaussian states, the optimization in (4) can
be restricted to Gaussian measurements (Gaussian dis-
cord) [36], leading to a closed-form, albeit cumbersome,
expression for D [37, 38]. In order to provide a simpler
analytic expression we replace the von Neumann entropy
by the Re´nyi-2 entropy S(%) = − log Tr(%2) in each ex-
pression [39]. For Gaussian states, it has been shown that
the choice of Re´nyi-2 entropy leads to well-behaved cor-
relation measures [40]. We however numerically checked
that all of the results presented (in particular asymptotic
scalings) are qualitatively unaffected if von Neumann en-
tropy is used instead. The fact that discord detects QCs
more general than entanglement is condensed in a sim-
ple property: states such that D > log 2 are entangled
(log 2→1 if von Neumann entropy is used) [38].
Correlations dynamics for balanced gain and loss
(PT line).—We study the dynamics of correlations when
each oscillator n = L,G starts in a coherent state
|αn〉 = e(αaˆ†n−α∗aˆn) |0〉; the initial covariance matrix is
thus simply σ0 = 14. We evolve the covariance ma-
trix through Eq. (3) and then compute the time evolu-
tion of both correlation measures I and D (we verified
that entanglement is indeed always zero), for which we
obtain exact and compact expressions [41]. In particular,
Eq. (4) admits a global minimum for all possible parame-
ter values, which corresponds to a phase-insensitive (het-
erodyne) measurement. Intuitively, this property can be
traced back to the absence of any coherent drive: the dy-
namics in Eq. (1) preserves U(1) symmetry and thus fa-
vors the conditioning of phase-insensitive measurements
over phase-sensitive ones; this in turn makes the latter
suboptimal for generating QCs.
Fig. 2 shows the typical time behavior of mutual infor-
mation I (a) and discord D (b) in the UP (green line), at
the EP (blue) and in the BP (red). Correlations, includ-
ing QCs, are created on a typical time scale (transient
time) of the order of ∼ g−1 or less [41]. As discussed
later on, transient generation of QCs is common in noise-
driven multipartite systems. In the long-time limit, in-
stead, correlations show a peculiar behavior, which we
next analyze for each phase.
In the UP, I saturates to a finite value and exhibits
secondary oscillations at frequency 2
√
g2−γ2, while dis-
310-1 1 101 102 1030
0.05
0.1
0.15
m
ut
ua
l i
nf
or
m
at
io
n
qu
an
tu
m
 d
isc
or
d
10-1 1 101 102 10310-4
10-2
1
102
0 1 2 3 4
0
0.3
0.6
qu
an
tu
m
 d
isc
or
dBP
EP
UP
UP EP
BP
gt
<latexit sha1_base64="uZz7YaBx2 kpQQ75aKQ0A9J4vivE=">AAACW3icjVHLSiNBFK20z4nvkVm5KQwDswrdKqg 7GTcuncGokDRSXX07KaxHU3VbDU3/wWzHf3Phv1jpNGLUhQcKDuc+OPdUkkv hMAyfWsHc/MLi0vK39srq2vrG5tb3S2cKy6HHjTT2OmEOpNDQQ4ESrnMLTCU SrpLb00n96g6sE0Zf4DiHWLGhFpngDL30d4g3m52wG9agH0nUkA5pcH6z1To dpIYXCjRyyZzrR2GOccksCi6hag8KBznjt2wIfU81U+DisrZa0Z9eSWlmrH8 aaa2+nSiZcm6sEt+pGI7c+9pE/LQ2UdAY6WYMlPlo7AT/gtgvMDuKS6HzAkH zqdOskBQNnQRHU2GBoxx7wrgV/ljKR8wyjj7emfVJYmTql2u450YpptNycFH 1o7gcIDxg2Ymqqo79uAadksODhhxHr7Ff7nWj/e7en4POye/mA5bJDtklv0h EDskJOSPnpEc4ycg/8p88tp6DuaAdrE5bg1Yzs01mEPx4Aa4WuOk=</latex it>
gt
<latexit sha1_base64="uZz7YaBx2kpQQ75aKQ0A9J4vivE=">AAACW3icj VHLSiNBFK20z4nvkVm5KQwDswrdKqg7GTcuncGokDRSXX07KaxHU3VbDU3/wWzHf3Phv1jpNGLUhQcKDuc+OPdUkkvhMAyfWsHc/MLi0vK39srq2vrG5tb3S 2cKy6HHjTT2OmEOpNDQQ4ESrnMLTCUSrpLb00n96g6sE0Zf4DiHWLGhFpngDL30d4g3m52wG9agH0nUkA5pcH6z1TodpIYXCjRyyZzrR2GOccksCi6hag8KB znjt2wIfU81U+DisrZa0Z9eSWlmrH8aaa2+nSiZcm6sEt+pGI7c+9pE/LQ2UdAY6WYMlPlo7AT/gtgvMDuKS6HzAkHzqdOskBQNnQRHU2GBoxx7wrgV/ljKR 8wyjj7emfVJYmTql2u450YpptNycFH1o7gcIDxg2Ymqqo79uAadksODhhxHr7Ff7nWj/e7en4POye/mA5bJDtklv0hEDskJOSPnpEc4ycg/8p88tp6DuaAdr E5bg1Yzs01mEPx4Aa4WuOk=</latexit>
 /g
<latexit sha1_base64="7m2BQe+I8KDKj1QbT86HvJR2iMY=">AAACDnicbZD PbtNAEMbXpZQ0pW2AYy8rEiROqZ1WCrlFcOEYpPwTsRWtN5Nkld21tTsGIsvvwIErPAY3xJVX4Cn6Ct04FqLQT1rpp29mNLNfnEph0fd/ewcPDh8ePaod108en56d N548HdskMxxGPJGJmcbMghQaRihQwjQ1wFQsYRJv3uzqkw9grEj0ELcpRIqttFgKztBZ71vhiinFLleteaPpt/1S9H8IKmiSSoN54yZcJDxToJFLZu0s8FOMcmZQcA lFPcwspIxv2ApmDjVTYKO8vLigL5yzoMvEuKeRlu7fEzlT1m5V7DoVw7X9t7Yz76vNMly+inKh0wxB8/2iZSYpJnT3fboQBjjKrQPGjXC3Ur5mhnF0IdVDDR954gL RizwcFrMgykOET5g3g6IoE+qVonvoXlfQC/4kNO60g6t2512n2X9dZVUjF+Q5eUkC0iV98pYMyIhwoskX8pV88z57370f3s9964FXzTwjd+T9ugWhupzW</latexi t>
DGL
<latexit sha1_base64="D2NKsY+XS+Vw44WkHR0UeJeuoF4=">AAACanicjVHLShxB FK3pmMSYh6NZiZsik0BWQ7cKxp3EgC6yUHBUmG6G6uo7TmE9mqrbmqHoL8k2+Sj/wY+weqYRx7jIgYLDuQ/OPZWXUjiM49tO9GLp5avXy29W3r57/2G1u7Z+5kxlOQy4kcZe5MyB FBoGKFDCRWmBqVzCeX510NTPr8E6YfQpTkvIFLvUYiw4wyCNuqupYjjhTNIfI3/4sx51e3E/noH+S5KW9EiL49Fa5yAtDK8UaOSSOTdM4hIzzywKLqFeSSsHJeNX7BKGgWqmwGV +5rymX4JS0LGx4WmkM/XxhGfKuanKQ2fj0z2tNeKztUZBY6RbMODLydQJ/h/isMLxt8wLXVYIms+djitJ0dAmR1oICxzlNBDGrQjHUj5hlnEMaS+sz3Mji7Bcww03SjFd+PS0Hia ZTxF+oe8l9Tz2vRnonOzutGQveYj9bKufbPe3TnZ6+9/bD1gmm+QT+UoSskv2yRE5JgPCSUV+kz/kb+cuWo82os15a9RpZz6SBUSf7wFk275F</latexit>
DLG
<latexit sha1_base64="EzVKUfo2T+CWTVl6bfWlb/kNEjQ=">AAACanicjVHLShxBF K3pmMSYh6NZiZsik0BWQ7cKxp3EgC6yUHBUmG6G6uo7TmE9mqrbmqHoL8k2+Sj/wY+weqYRx7jIgYLDuQ/OPZWXUjiM49tO9GLp5avXy29W3r57/2G1u7Z+5kxlOQy4kcZe5MyBFB oGKFDCRWmBqVzCeX510NTPr8E6YfQpTkvIFLvUYiw4wyCNuqupYjjhTNIfI//zsB51e3E/noH+S5KW9EiL49Fa5yAtDK8UaOSSOTdM4hIzzywKLqFeSSsHJeNX7BKGgWqmwGV+5ry mX4JS0LGx4WmkM/XxhGfKuanKQ2fj0z2tNeKztUZBY6RbMODLydQJ/h/isMLxt8wLXVYIms+djitJ0dAmR1oICxzlNBDGrQjHUj5hlnEMaS+sz3Mji7Bcww03SjFd+PS0HiaZTxF+ oe8l9Tz2vRnonOzutGQveYj9bKufbPe3TnZ6+9/bD1gmm+QT+UoSskv2yRE5JgPCSUV+kz/kb+cuWo82os15a9RpZz6SBUSf7wFk4L5F</latexit>
t!1
<latexit sha1_base64="YfjZpe5im80piF3BURMM4RDae/s=">AAACbnicjVHdStxAGJ1Nbav2x7WCNyIOXQ peLYkV1DupN14quCpswjKZfNkdnJ8w86U2hDyLt+0j9S36CJ3NhtJVLzwwcDjfD+c7kxZSOAzD373g1crrN29X19bfvf/wcaO/+enamdJyGHEjjb1NmQMpNIxQoITbwgJTqYSb9O5sXr/5DtYJo6+wKiBRbKpFLjhDL036Wxhb MZ0hs9bc01joHKtJfxAOwxb0KYk6MiAdLiabvbM4M7xUoJFL5tw4CgtMamZRcAnNelw6KBi/Y1MYe6qZApfUrfuGfvFKRnNj/dNIW/X/iZop5yqV+k7FcOYe1+bis7W5gsZIt2SgLmaVE/wF4rjE/DiphS5KBM0XTvNSUjR0niX NhAWOsvKEcSv8sZTPmGUcfeJL69PUyMwv13DPjVJMZ3V81YyjpI4RfmA9iJqmjf2kBV2Qo8OOnET/Yr8+GEZfhweXh4PTb90HrJId8pnsk4gckVNyTi7IiHBSkQfyk/zq/Qm2g91gb9Ea9LqZLbKEYP8veabAqA==</latexit >
(a) (b) (c)
FIG. 2. Evolution of total and quantum correlations on the PT line (γL = γG = γ). This comprises the unbroken phase (UP)
γ < g, the exceptional point (EP) γ = g and the broken phase (BP) for γ > g. (a) and (b): Mutual information I (a) and
discord DLG (b) for γ = g/2 (UP, green), γ = 3g/2 (BP, red) and γ = g (EP; blue). A qualitatively analogous behavior is
exhibited by DGL. (c): Asymptotic value of discord, DLG(∞) (yellow) and DGL(∞) (purple) [41].
cord slowly decays until it vanishes. Their asymptotic
expressions are given by [41] (throughout the symbol ≈
indicates the long-time limit)
I ≈ log
(
g2
g2−γ2
)
, DLG,DGL ≈ γ2g2t , (5)
showing that discord undergoes a power-law decay in this
phase. Thus in the UP asymptotic correlations are en-
tirely classical, i.e., they do not involve any quantum su-
perposition. At a glance, this may seem to contradict
the well-known property that Gaussian states such that
I = 0 are all and only those with zero discord [38]. That
property yet holds for systems with bounded mean en-
ergy, while the present dynamics is unstable on the whole
PT line (see Ref. [41] for details)
When PT symmetry is broken, on the other hand, the
behavior of long-time correlations changes dramatically.
The mutual information now grows linearly as I ≈ 2Ω t,
with Ω =
√
γ2 − g2, while QCs tend to a finite value
given by
DLG ≈ log
(
γ(γ+Ω)+g2
2γ2
)
, DGL ≈ log
(
γ(3γ+Ω)−g2
2γ2
)
. (6)
Thus in the BP stationary QCs are established, notwith-
standing the noisy action of gain/loss and despite the
dynamics being unstable.
Jointly taken, Eqs. (5) and (6) show that the nature of
long-time correlations is different in the two phases. In
each phase, stationary finite correlations occur, but these
are purely classical in the UP (where I converges, while
D → 0) and quantum in the BP.
Finally, a special behavior occurs at the EP with the
correlations scaling as
I ≈ log
(
4g2
3 t
2
)
, DLG,DGL ≈ 1gt . (7)
Thus, while discord scales as in the UP phase (although
with a different pre-factor, cf. Eq. (5)), the growth of
mutual information is now logarithmic. Notably, the EP
is the only point on the PT line such that I → ∞, D → 0
(purely classical and diverging correlations). Thus, for
balanced gain and loss, the EP can be regarded as the
most classical configuration.
Fig. 2(c) shows the stationary QCs on the PT line.
In the BP, DGL(∞) monotonically grows with γ asymp-
totically approaching the entanglement threshold, while
DLG(∞) takes a maximum followed by a long-tail de-
cay. A critical behavior occurs at the EP (on the bound-
ary between regions of zero and non-zero discord) since
D ∼ (γ/g − 1) 12 for γ > g while D = 0 for γ ≤ g.
Physical mechanisms behind generation of
correlations.— Generation of QCs during the tran-
sient dynamics can be understood by noting that the
coupling Hamiltonian acts on the modes like a beam
splitter. When acting on |αL〉 ⊗ |αG〉, this term alone
cannot correlate the modes, only mixing their ampli-
tudes [42]. The same is also true of the loss term. The
gain, on the other hand, turns a coherent state into a
mixture |α〉〈α| → ∫ d2α′P (α′) |α′〉〈α′| with P (α′) ≥ 0
(coherence reduced) [43]. The combined action of gain
and beam splitter on |αL〉〈αL| ⊗ |αG〉〈αG| turns it into∫
d2α′GP (α
′
G) |α˜′L〉〈α˜′L| ⊗ |α˜′G〉〈α˜′G| where both α˜′L(G)
depend on both α′L(G). Although disentangled, one
such state is generally discordant because coherent
states form a non-orthogonal basis [44]. We note that
a similar effect is obtained if the gain is replaced by a
local thermal bath. Indeed, the ability of certain local
non-unitary channels to favor creation of discord was
demonstrated in [28]. For instance, local gain or loss
can create QCs starting from a state featuring only
classical correlations (a process which is not possible
for entanglement) [45–48], which was experimentally
confirmed in Ref. [49].
The peculiar nature of the present dynamics mostly
comes from the long-time behavior of correlations. To
shed light on it, we first express the discord in the form
DLG = log
(
1 +
eI − 1
eSG + 1
)
, (8)
(with an analogous expression for L↔ G). This identity,
4SG
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TABLE I. Asymptotic behavior of S and SL(G) on the
PT line.
which is proven in Ref. [41], holds true for any Gaussian
state generated by Eq. (1) and subject to a local hetero-
dyne measurement. Combined with I = SG + SL − S,
Eq. (8) allows to explain the dynamics of classical and
QCs in terms of a competition between global and lo-
cal entropies. The long-time expressions of S and SL(G)
are reported in Table I. All of these diverge in time (ei-
ther logarithmically or linearly depending on the phase).
Hence, Eq. (8) simplifies to
DLG ≈ log
(
1 + e−(S−SL) − e−SG
)
, (9)
which shows that the survival of QCs is controlled by
S − SL alone. Using the expressions in Table I, Eq. (9)
yields precisely the scalings in Eqs. (5), (6) and (7).
In the UP, SG and SL grow at the same rate and their
sum is almost equal to the global entropy S. Their dif-
ference is small (showing this requires sub-leading con-
tributions not reported in Table I) and yields constant I
in the long-time limit. Eq. (8) then entails that discord
vanishes. In the BP, instead, the gain dominates the en-
tropy balance and the total entropy is slaved to the local
one, S ≈ SG. This in turn implies I ≈ SL. Moreover,
the divergences of S and SL cancel out, so that S − SL
is convergent, in turn entailing a finite value of QCs via
Eq. (9).
As mentioned previously, any two-mode Gaussian state
with finite mean energy fulfills D 6= 0⇔ I 6= 0 [38]. This
property can be retrieved from Eq. (8) when SG is finite.
Yet, for SG →∞, discord can vanish asymptotically even
if I does not (e.g. in the UP and at EP, see Fig. 2).
Dynamics of correlations beyond the PT line.—Lastly,
we address the rich dynamics of correlations beyond the
PT line, i.e., for unbalanced gain and loss (γL 6= γG).
The phase portrait in Fig. 3 displays five distinct dynami-
cal regimes, obtained by applying standard stability anal-
ysis (see Ref. [41] for details). These regions are limited
by the PT line, the EP line γL+γG = 2g and the hyper-
bola γLγG = g
2. There is a stable region (III+IV), where
both distinct eigenvalues λ± of matrix Y (cf. Eq. (3))
have negative real part (note that for g > γG a too large
rate γL makes the dynamics unstable). This is the usual
bounded-energy region featuring non-zero stationary val-
ues of I and D. Symmetric to that is a totally unstable
region (I+II), where both Reλ± > 0. Notably, this whole
 
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FIG. 3. (Left): Stability diagram for the dynamics ruled by
Eq. (1) with unbalanced gain and loss; see text for details.
(Right): Typical time evolution of the mutual information
[(a), (b)] and discord [(c), (d)] corresponding to the points
highlighted in the diagram.
region is characterized by asymptotically vanishing dis-
cord [cf. Fig. 3(c)]. The EP line separates two kinds of
divergence (convergence) in the totally unstable (stable)
region: below this line there occur repulsive (attractive)
spirals, and sources (sinks) above it. Finally, there is
an unstable region (V) (saddle points) with linearly di-
vergent I and stationary QCs [cf. (b) and (c)]. Eq. (9)
can be directly applied to the unstable regions beside
the PT line to explain the behavior of QCs. Yet another
remarkable feature is that the region (I+III+IV) is char-
acterized by asymptotic finite values of I. In particular,
in region I, I displays extremely long-lived oscillations
[see Fig. 3(a)].
Conclusions.—Through a fully quantum description,
we studied the dynamics of total and quantum cor-
relations in a typical gain-loss system exhibiting PT -
symmetric physics. With the modes initially in a coher-
ent state, QCs without entanglement are created and, in
a large region of the parameter space, settle to a non-zero
value. For balanced gain and loss and in the long-time
limit, phases with distinct PT symmetry exhibit dramat-
ically different time scalings of both total and quantum
correlations. This shows a new fundamental distinction
between phases with unbroken/broken PT symmetry in
the dynamics of entropic quantities, whose knowledge
requires accounting for the full quantum nature of the
field. From the viewpoint of QCs theory, the unstable
nature of the dynamics brings about exotic behaviors
such as diverging correlations of a purely classical nature,
which arise at the exceptional point. In terms of quan-
tum technologies, stationary QCs beyond entanglement
(occurring e.g. in the unbroken phase) are potentially
appealing in that this form of correlations have found
several applications in recent years, [50, 51] such as in-
5formation encoding [52], remote-state preparation [53],
entanglement activation [54–57], entanglement distribu-
tion [58–61], quantum metrology and sensing [62] and
so on. This suggests that quantum noise could embody
a resource, rather than a hindrance, to the exploitation
of PT -symmetric systems for useful applications. Fu-
ture important tasks will be studying the effect of finite
temperature and gain saturation (the latter introduces
non-linearities affecting the Gaussian nature of the dy-
namics).
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This supplementary material is made of five sections. In section I we provide the analytical expressions for the
covariance matrix at any time on the PT line and the asymptotic behaviors of mean energy in different phases. In
section II we prove Eq. (9) in the main text and plot of asymptotic discord in the entire parameter space. In section
III we comment on the absence of entanglement in our setup. In section IV we describe the tools used for the stability
analysis. Finally, in section V we comment on the transient time it takes for discord to saturate to a reasonable
fraction of its asymptotic value.
COVARIANCE MATRIX TIME EVOLUTION
On the PT line excluding the EP, that is for γL = γG = γ 6= g, the solution of Eq. (3) in the main text under the
initial condition σ(0) = 14 (product of coherent states) reads
σ11(t) = σ22(t) =
γg2 sinh(2Ωt)
Ω3
− 2γg
2t
Ω2
+ 1 , σ14(t) = −σ23(t) = − γg
Ω2
+
γ2g sinh(2tΩ)
Ω3
− 2γ
2gt
Ω2
+
γg cosh(2tΩ)
Ω2
,
σ33(t) = σ44(t) = −γ
2 + 2γg2t+ g2
Ω2
+
2γ2 cosh(2tΩ)
Ω2
+
γ
(
γ2 + Ω2
)
sinh(2tΩ)
Ω3
,
where Ω =
√
γ2 − g2 and all the remaining matrix entries vanish. In unbroken phase, Ω = i
√
g2 − γ2 and hyperbolic
functions are turned into oscillating functions of
√
g2 − γ2 t. At the EP γ = g the solution reads
σ11(t) = σ22(t) =
4g3t3
3
+ 1, σ33(t) = σ44(t) =
4g3t3
3
+ 4g2t2 + 4gt+ 1, σ14(t) = −σ23(t) = 4g
3t3
3
+ 2g2t2 ,
with all the remaining matrix entries being zero. Although exact analytical solution of Eq. (3) outside of the PT line
can be found, their expressions are not reported here since these are lengthy and uninformative.
Mean energy of joint and reduced states can be easily computed from the covariance matrix as E = Trσ and EL(G) =
TrσL(G), respectively. On the PT line and in the long-time limit, they scale as EUP(t) ≈ 8g
2γ
g2−γ2 t, EL,UP(t) ≈ 12 EUP(t),
EEP(t) ≈ 16g
3
3 t
3, EL,EP(t) ≈ 12 EEP(t) and EBP(t) ≈ 2γ
2(γ+Ω)
Ω3 e
2Ωt, EL,BP(t) ≈ g
2γ
2γ2(γ+Ω) EBP(t).
The general form of σ generated by Eq. (1) with an initial product of coherent state features 2× 2 blocks
σ =
(
L C
CT G
)
, (S1)
where L = diag(σ11, σ22), G = diag(σ33, σ44) and C =
(
0 σ14
σ23 0
)
describe uncertainties affecting the local fields
L and G and cross-correlations, respectively. From this, all entropic quantities are then readily worked out This
is particularly simple in terms of the Re´nyi-2 entropy. This is because, while von Neumann entropy requires the
knowledge of the symplectic eigenvalues of σ, the Re´nyi-2 entropy for Gaussian states is simply given by
S(σ) =
1
2
ln |σ| , (S2)
with |σ| ≡ det(σ). The entropies of the reduced states of L and G are similarly obtained as S(L) and S(G). Plugging
in the expressions for σij then leads to the results in Table I of the main text.
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FIG. S1. Long time QCs as measured by DLG (a) and DGL (b) on the plane γG−γL (in units of g). PT line, EP and hyperbola
are highlighted to clarify the relation with Fig. 3 in the main text.
PROOF OF EQ. (9)
Despite a closed expression for bipartite Gaussian quantum discord can be obtained, it is generally lengthy and
uninformative regardless of the chosen entropy measure. However, in our dynamics with initial product of coherent
states, the isotropy of the problem suggests that the measurement which maximizes discord is likely to be phase-
insensitive. Indeed, it can be checked that heterodyne detection (i.e., projection onto coherent states) is the optimal
measurement. In our dynamics it can also be checked that cross correlations are always smaller than local uncertainties
(this is of course not true for any Gaussian state). These facts allow us to write quantum discord as in Eq. (9) according
to the following lemma.
Lemma. For a heterodyne measurement Gaussian discord with Re´nyi-2 entropy of a Gaussian state as in Eq. (S1)
whose cross correlations are smaller than local uncertainties (i.e., |C| <√|L|√|G|) can be written as
DLG = log
(
1 +
eI − 1
eSG + 1
)
, DGL = log
(
1 +
eI − 1
eSL + 1
)
. (S3)
Proof. A heterodyne measurement on G turns the CM into σ|G =
(
L C
CT G+ σM
)
, where σM = 12 is the CM of the
measurement outcome [S34]. Let L˜ = L−C(G+σM )−1CT be the Schur complement and let us denote |A| ≡ det(A).
Using the definition of Gaussian discord with Re´nyi-2 entropy [S39] DLG = 12 log
(
|L˜| |G|
|σ|
)
we get
DLG = 1
2
log
(
|G|
|G+ σM |
|G+ σM | |L˜|
|σ|
)
=
1
2
log
( |G|
|G+ σM |
|σ|G|
|σ|
)
.
Now using the assumption |C| <√|L|√|G| we can write
DLG = 1
2
log
(
e2SG
(eSG + 1)2
(eS + eSL)2
e2S
)
= log
(
1 +
eI − 1
eSG + 1
)
.
Analogous proof holds for DGL.
Using Eq. (S3) we plot asymptotic discord in Fig. S1.
ABSENCE OF ENTANGLEMENT
As mentioned in the main text, discord detects QCs more general than entanglement. For Gaussian discord, this is
condensed in a simple property: Gaussian states such that D > log 2 (1 with von Neumann entropy) are entangled.
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FIG. S2. Transient time τLG (yellow) and τGL (purple) in units of g
−1 versus gain/loss rate γ in units of g.
In our setup, discord never exceeds this threshold (see Fig. 2(c)) and we checked that the state is never entangled as
ν˜− > 1 at any time (ν˜− is the smallest symplectic eigenvalue of the partially transposed CM [S38]). Besides these
analytical results, absence of entanglement at any given time is justified by the fact that the coupling Hamiltonian
acts like a beam-splitter, and cannot therefore entangle coherent states, and that the two gain/loss channels are local.
STABILITY ANALYSIS
Schro¨dinger-like equation for the mean-field ψ˙ = −iHψ is nothing but a two dimensional linear dynamical system
whose asymptotic behavior is completely characterized by the eigenvalues λ± = 12 (γG − γL ±
√
(γG + γL) 2 − 4g2) of
−iH. If λ+λ− < 0 then the origin O = (0, 0) is a saddle point for the dynamical system. If both λ± are real numbers
then O is a source (sink) if both λ± > 0 (λ± < 0), otherwise O is a repulsive (attractive) spiral if both Reλ± > 0
(Reλ± < 0). The boundaries separating regions with different behaviors are exactly the PT line (γL = γG < g), the
hyperbola (γLγG = g
2) and the EP line (γL + γG = 2g), as shown in Fig. 3.
Accordingly, the asymptotic behavior of the CM is determined by the Lyapunov stability criterion: equation Y σ∞ +
σ∞Y T + 4D = 0 has a (finite) solution if and only if the eigenvalues of Y have negative real parts. We observe
that, by expressing the CM in terms of ladder operators Xˆi = (aˆL, aˆG, aˆ
†
L, aˆ
†
G) (instead of quadratures as in the main
text), matrix Y entering Eq. (3) turns into Y˜ =
( −iH 0
0 iH†
)
. The eigenvalues of Y are thus same as those of Y˜
(as a unitary transformation preserves the spectrum) and are in turn the same as those of matrix −iH with a double
degeneracy. Therefore CM dynamics mimics that of the Schro¨dinger-like equation for the mean-field: it admits a
stationary value for Reλ± < 0 [regions III+IV in Fig. 3], otherwise it diverges.
TRANSIENT TIME
Stationary QCs occur only when the dynamics is unstable. It is therefore important from an experimental point of view
to compute the transient time τ , namely the time it takes for QCs to reach a relevant percentage of their asymptotic
value. We focus here on the PT line in broken phase and define τLG as that time satisfying DLG(τLG) = 90%DLG(∞),
with an analogous definition for τGL. From Fig. S2, we see that both τ ’s are of the order of g
−1. We numerically
checked that this holds true besides the PT -broken phase whenever asymptotic discord is finite.
